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Design of Large Rural Low-Voltage Networks Using
Dynamic Programming Optimization

Eloy Diaz-Dorado, Edelmiro MigueMember, IEEEand José CidrasMember, IEEE

~ Abstract—The purpose of this paper is to establish algorithms  a nonexhaustive method based on the branch-and-bound tran-
in the design of rural low-voltage (lv) distribution networks. Plan-  shipment algorithms to the conductor optimization problem [5].
ning of rural lv distribution networks involves the optimal design of Snelson and Carson [6] proposed solving the conductor opti-
radial configuration and location of mv/lv substations considering izati bl . ti vt d distribut iteri
cost functions. In this work both goals are considered by taking mization pro €m using continuously tapere : Istributor criteria
into account different conductors, voltage drop constraints, power and a variable cable cost/voltage drop function. Tram and Wall
losses in lines and deterministic loads. The algorithms developed in [7] present a process based on dynamic programming to solve
this paper are based on dynamic programming; and were imple- the conductor optimization problem.
mentated on large-scale rural v distribution networks, but they |, this paper the network planning is carried out in one stage
could also be used for other network optimization. . . .
. . (static planning), so the load models are considered constant.
Index Terms—BDynamic programming, low-voltage network The method presented in this paper is based on the application of
planning, network design. dynamic programming optimization on a radial Iv distribution
network [8]. Thus, the global optimal solution of the large-scale
|. INTRODUCTION radial Iv distribution network is obtained.

. . . The algorithm works over a Iv network defined by a con-
g\ivizntzn:sorkrglzggl?r?vglr\]/ ?n'tsscl:;[rizlnﬁOdaedvii)org?aes':;[nﬁected acyclic graph (tree), where loads are in nodes and cost
IS p . 9 spal . 9hd constraints of elements are considered. Usually, the spe-
systems analysis and operational evaluations. The |mport::1r(1:ﬁ?aC graph is defined by the minimal spanning tree (minimum
of the design of Iv networks was described by several autho&s

who suggested theoretical and practical methods to assis (l)jv(\:/“e(j/ee?n distance algorithm [8]), another tree couild be used,

N
the manual and computer designs of networks. Some of thes . : Lo .
he dynamic programming optimization process (Section lIl)

methods were included in the planning guides of electricit Sl :
) . . . ~'Is based on dividing the tree (Iv network) in several sub-trees,
supply industries [1]. The general problem in the planning Q ; o . N
A . . .and each sub-tree is optimized (Section 1V) by considering the
Iv distribution networks is essentially to search for a radia .
model of Iv system (Section Il). The set of sub-trees produces

network with lowest overall cost by taking into account: mwl\éﬁéorest, and the minimum cost foregt?, is the optimal so-

substations (.S'Ze and _Ioca_tlor_1), I\./ lines (routes and capacm?ul on for the Iv distribution network problem. So the proposed
to supply a given spatial distribution of forecast loads, therma

. ; . . ethod for optimal design of Iv networks can be divided in three
limits (lines and substations) and voltage level. Differen ) .
. . rocesses: 1) To obtain a forest (sub-trees), 2) To calculate the
planning practices and processes are needed for urban and rura L
cost of sub-trees and 3) To search for the minimum cost forest.
networks. : . . )
- The forest is obtained by means of an exhaustive algorithm and
Rural networks, as distinct from urban networks, are cory- .
. o e sub-trees are represented by oriented-graphs. For each arc of
strained by space, have slower load densities, have smaller . ) : :
€ oriented-graph, the cost is evaluated applying dynamic pro-
r

equ_m_ent ratings and commonly use overhead_lm_e_s. amming optimization. Finally the minimum cost forest can be
Existing computer methods are based on optimizing or s B tained

optimizing line costs only. Grimsdale and Sinclair [2] and Chia
[3] consider that the total cost is only proportional to the length
of network and do not consider power losses and voltage level.
Carson and Cornfield [1] proposed an iterative method based on
load-flow calculation over a specific graph, radial network sex. Topological Structure

lection and tapered radial network design. The method considers ) ) )
continuous cable cost function and produces a series of net! "€ radial structure is the most usually employed in the de-

work configurations. Hindi, Brameller and Hamam [4] preserdn Of rural low voltage networks. The proposed algorithm uses
a spanning tree to search the forest of low voltage radial net-

works, each one of them with a mv/lv substation (Fig. 1). The
best results are obtained by using the minimal Euclidean span-
Manuscript received July 10, 2000. This work was supported by the Unigting tree, because the length of the lines is an important term in
Fenosa S.A. electric utility. the cost of rural networks.
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de Vigo, Spain (e-mail: ediaz@le.uvigo; emiguez@Ile.uvigo; jcidras@Ile.uvigo). e load or consumers are modeled by current sources an
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Fig. 1. Topological structure of the network.

B. Cost and Constraints of Components

MV/LV Substation CostThe cost of the different substa-
tions considered in the algorithm are obtained by the following

expression:
Cop =Cop+ 6, oI} 1)

where

Cs, investment cost and cost of iron losses in the type

substation;

. cost of electrical losses in the tygesubstation;

Py real power that flows through the typesubstation;

e limit of power of the typek substation.

If P, > P***costofthe typé substation is considered infinite.
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Fig. 2. (a) Initial tree and the longest paths. (b) Oriented graphs associated to
longest paths.

Ill. PROPOSEDALGORITHM

The costs for a typical commercial mv/lv substation are shown

in Appendix.
Line Cost: The line cost (branch cost) of the branhy) is
defined by the expression:

C(i,j),tk = (Ct;\, + C;k OI(QZJ)) .d(z,J) (2)
where

tr k type conductor;

Ii;, ;) current that flows in branclfi, j), from < node to

7 node;

dg, jy distance of branck, j);

. cost of thek type line, per unit of length;
cost of electrical losses in type lines, per unit of
length;
I;"** is the limit of current of thé: type conductor.

/
Cyk

If I; jy > ;" the cost of the typé substation is considered 2)
infinite. The branch costs for typical Spanish commercial lines

are shown in the Appendix.
Line Voltage-Drop: The voltage-drop in brancfi, j) is de-
fined by the expression:

®3)

whereAuw,, is the voltage-drop of brandh, j), with thek type
line, per unit of length and current.

Aug ) 1, = Dug, 0 L 5y e dg g

The initial topology network is a specific tree, where loads
are considered in nodes. The typical initial tree is defined by
the minimum distance algorithm (minimum spanning trég,

[8]. Using a topological process, the tr€as divided in several
sub-trees; and, consequently, a forest is defined. The topological
process and the dynamic algorithm combine to permit a search
for the optimal forest from the initial tre€.

The topological process is based on the following recursive
steps:

1) Select the longest path (primary path¥.x, from

the tree T'. This primary path, P.x, iS numer-
ically ordered. For Fig. 2(a) the longest path is
Puax ={A, B,C,D,E, F,G, H, I}.

From each bifurcation node d?,... (i.e., C, E) new
longest paths (the secondary paths) are defined [ie.,
and Pg). These secondary paths are defined from a bi-
furcation node and with nodes not includedip. (i.e.,

Po = {C,N} Pr = {E, J, K, L}). This process is
repeated with the secondary paths, so resulting in ter-
tiary paths (i.e..Py = {.J, M}), fourth level paths, ....
The process ends when all bifurcation nodes have been
considered.
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the sub-trees F(; ;) has bifurcation nodes, the cost depends on
routes defined from secondary, tertiary,... oriented-graphs. So,
the cost of ar@i, j), S, ;. is defined by the expressions:
i) without bifurcation nodes: (see section Evaluation of a
tree)

S(, ;) = min{cost of SF; »}

i) with bifurcation nodes:

cost of SF(; ;. o)/

S, ;) =min ¢ « are routes of secondary, (4)
tertiary, . .. oriented-graph

When the cost of all arcs of the oriented-grafh,.. are
known, the optimal forest™ can be expressed as:

F* = {F,/z is the route ol 1,,ax, from O toe,
of minimum cos}.

The practical implementation of the proposed method needs
the oriented-graphs to be incomplete; otherwise the proposed
method can be considered an NP problem. Fortunately, in
Iv networks no complete oriented-graphs are presented if
the following proposition is taken into consideration: “If the
arc S(¢, j) has an infinite value, caused by load powers or
voltage level drop level, all ardg, k)—from node i to nodeg
(b) upstreamy—also have infinite values.” Mathematically, it can

Fig. 3. (a) Routes in oriented-graphs. (b) Sub-trees. be expressed by:

7 SF(0,3)

3) Build the oriented-graph associated”g... path. In this It 5,5 = oo thenSg py =0 k/k <, h 2 3.

oriented-graph, noted b¢z,,..., two extreme fictitious L .
vertices (0 and:) are included and the vertices are thd NUS: N Fig. 3(2)if5(0, 6) = oo thenS(0, 7) andS(0, 8) have
branches ofP,,.. path [see Fig. 2(b)]. Other oriented->¢ Value also.
graphs associated with the secondary, tertiary, ... [i.e.,
Gp, Ge andG] paths are built. [Fig. 2(b).] IV. EVALUATION OF A TREE

4) The oriented-grapli.,,., is used to search for cuts of |n the process to build the oriented-graph, there is need to
T tree. Thus, a route is defined from initial vertex Qevaluate the cost of arcs; where each arc represents a sub-tree
until terminal vertexe of G,.x. For example, the route and each sub-tree could be formed by other sub-trees. This sec-
(0-3-4-7¢) in Fig. 3(a), meaning that branches (3), (4ion describes the algorithm, based on dynamic programming,
and (7) of the spanning tree are eliminated, and conseto evaluate the cost of a generic tree. Itis considered that the tree
quently, a forestto 3 4 7,.) Of sub-trees is created. Injs fed by only one mv/lv substation, and when this is not pos-
Fig. 3(b) the forest(g 3 4,7,.) = {sub-treesSF(0, 3), sible the costvalue is infinite. The proposed algorithm considers
SF(3,4), SF(4,7), SF(7, ¢)} is shown and Fig. 3(a) mv/lv substation location as not fixed, so is an improvement of
shows the route (0-3-4-@) of Guax, and each arc Tram and Wall's [7] method where mvi/lv substation locations
of Gmax represents a sub-tree of foreBly 3 4 7 ). are considered fixed.
If any sub-tree of a forest has bifurcation nodes, From a generic tre&’, the subtrees are defineﬂ%iyj) and

the secondary, tertiary, ... oriented-grapb&:, Gg 4 as a result of taking off the brandl, 5). The Aéi 5

and G, are needed, and other routes (sub-sub-trees§?)’ . ; .
can be defined: ie., (@-¢') (0”-¢") (0"-1"-¢" S b-tree includes the nodeandAy; ) the nodej. The current,

)—Fig. 3(a). So all the sub-trees can be expresséa,j)’ that will be named sub-tree cqrrent, is defined by the ad-

by: SF(0,3), SF(3,4), SF(7, ¢), SF(4,7-0/,2), dition of all loads into the sub-tred;; , and that will feed

SF(4,7-0",1")andSF 4, 7-2'-1")—Fig. 3(b). Aéi,j) if the mv/lv substatipn isin sub—treeziyj). Similarly for

_ . currentl(’iyj) of sub-treeAgijj). Fig. 4 presents an example.

A. Dynamic Programming By using sub-treed;, .., costs can be represented as a
If the sub-treeSF(; ; has no bifurcation nodes, the ardunction of voltage dro;ﬂ ?or the various types of conductors

(4, j) cost of Gyax, IS the cost of the sub-tree. Otherwise, iEmployed along each branch. According to the dynamic
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X,y,Z: types of cables
A mv/lv substation

Fig. 6. DV-table building.
Fig. 5. mv/lv substation location.

Lo I
programming process the cost function is associated with e ey
maximum voltage-drop in the sub-tree.

So mathematically, the cost function of sub—m%g ;) can be p §
noted byng)[AuZ], whereAw’ is the maximum voltage-drop A .
mv/lv substation

in sub—treeAéi Y Recursively the expression is:

Fig. 7. Optimal location of mv/lv substation.

Godul= > min {DF, [Au]+Ca e, )
rEY
x;qdj(i) S(rn,O,s) =Clupst
@]

] ( Dnrln s [p] + Dsrn s [q] )
/AuZ = maX{Au;C + Au<$7i)7tk} (5) (m.s) (m;s)

+ C(rn,o),tk + C(O,s),tk//
+ min<{ max {p o Ay + Au(m,o),tk ,qeAu

where

adj(4) adjacent nodes tf + A syt,, b < A
Cla,i),t. ~ costof branch{z, i) with thet; type conductor pq=0,.... M

defined by expression (2); N Y ‘(6)
Y of type conductors;
Au? represents thes” different voltage-drop values \where

in sub-treed?, . “Q” represents the fictitious node (betwegrand s)
The process starts in leaf nodg‘s,whereA{ [0 =0and where the mv/lv substation is located;

Auf = 0 are considered. When the recursive process is ended=%max  Maximum voltage-drop submitted. o
each node has an associated table: DV-table, The DV-table i9© search for the node “0,” where the mv/lv substation is lo-
defined by cost and voltage-drop. So each notass tables, cated, a dlscretlz_ano_n of b_ran(:hl, s) is needed. So the length
wheres is the degree of nodiinumber of branches which have®f branch(m, s) is discretized inV intervals:(m, 1), (1, 2),
i as terminal endpoint). These DV-tables have a dimension ac: (¥ — 1, s); and each new nodg, 2, ... N — 1) is a new
cording to level in the tree and number of types of lines used!ocation of the mv/lv substation (node “0”) to evaluate.

The operation process to calculate the cost’dfee can be

defined by the following algorithm: V. IMPROVEMENT OFOPTIMIZATION PROCESS
1) Select one branctp, s) where it is supposed the mv/lv  To improve the optimization process two actions can be
substation exists. considered. The first improvement is associated with DV-table
2) Select D-tables correspondingﬁ?’;’s) andAij 9 sub- reduction [7], and the second, with location of the mv/lv
trees:Df y andDp, ). substation.
3) The costS(,, 0, s) o% T, considering the substation in fic- DV-tables can be reduced by the discretization of

titious node “0” (see Fig. 5), is determined as: voltage-drop instead of considering the type of lines



902

(Appendix). So, forM intervals of Au,,, and I current
in the branch, the DV-table had/ rows. Fig. 6 shows an
example of building DV-tables.

The elements of DV-tables are defined by the following re-
cursive process, whegds thep row of DV-table:(p-A = Auw,,)

Déi,j)(p)
D((z“7i)(a) + o D) (B) + ¢y, Diap () +e./
(c @A+ Au, <pe A,

=ming Se A+ Au, <peA,
vye A+ Au, <peA)
ap,y=pp—1,...,0
Dy (@) + ¢y Dy 3 (B) + € Dl iy (1) + ./
(e A4+ Ay, <peA,
+ min /3°A+Au; <peA,
veA+Au, <pel)
afBy=pp—1,...,0
)
where
Ca, ¢y ANde; costs of branclfi, 5) with z, y and "9 &

z lines, respectively;
costs of brancHii, k) with z, y and
z lines, respectively;
voltage-drops in brancl, j) with
x, y andz lines, respectively;
voltage-drops in brancl, k) with
x, y andz lines, respectively;

A = AU/max/]\4;

a, 3, v generic intervals from 0 ta/.

In (7), if a constraint is not met, i.eq - A + Aw, > p- A,
its associated value is infinif@(«) + ¢, = c0).

Cyy Cy andc,
Aty, Auy andAu,

Aul,, Ay, andAul,
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A different locations of mv/lv

@
S

(s.k,c),min

(s,j.d)

§ (Dry.8) 5 (px.a)

W mv/lv in branch (p-a)
& my/ly in branch (p-b)
@ mv/lv in branch (p-5)
* mv/lv in branch (s-c)
# mv/lv in branch (s,d)

——n S . cuves
‘min

p the highest sub-tree current node

(b)
(a) Example tree. (b) Optimization process applied to Fig. 8(a).

or branch (highest current node, node “0” in Fig. 5), for any
generic noder, S, > Suin @andS, has a recursive linear de-
pendence on the distance from the highest current node.

Proposition 4: On the other hand, if in the optimization of
treeT” only the lines of maximum size are considered, the op-
timal solutionS,,,,, if it exists, corresponds to “maximum” so-
lution. So, any solutionsS,,, including voltage-drops, will be
“bounded” by:Spin < Sa < Smox-

Using proposition 4, the optimization process to calculate the
cost of tre€l’ can be improved by a recursive algorithm. This

The proposed optimization process is based on the followiatgorithm will be described using the tree in Fig. 8(a), and its

propositions:
Proposition 1: Ifin the optimization of tred’, voltage-drops i)
are not considered, D-tables have only one element (Appendix)ii)
Proposition 2: If in optimization of treel” voltage-drops are
not considered, the mv/lv substation has its optimal location in
a node (see Fig. 7); and this node (called highest current node};i)
for a specific branchp, s), has the highest sub-tree current: jv)
max{I(Spis)., I{p}s)}_.
Also, it is possible to prove that the bran¢h, s), where
the location of the mv/lv substation is optimal when voltage-
drops are not considered, can be defined mathematically by the

expression:
v)

min { ‘I{p} o~ Lipn| /s €T} ®)

In conclusion, if in the tred” voltage-drops are not consid-
ered, the process of optimization is reduced to searching for theyi)
minimum {D¢, ., + C(p, ) + DZL 5 Dg’p}s) + C(s,p) + vii)
D¢, ) Also, the costs of T"is the minimum possible for this
sub-tree. So some solutions, including voltage-drops, will al-
ways have a higher cost,,;, is a “minimum” solution.

Proposition 3: If in the optimization of tred” voltage-drops

are not considered, and the mv/lv substation is located in a node

results are shown in Fig. 8(b):

Calculates,,,;, curves, defined by proposition 2)
Search the highest sub-tree current nofg,(: op-
timal location of mv/lv substation fa$,,,;,, problem):
Nodep

Search the adjacent nodegtoode:s, a, b
Calculate the tree costs:

S,z,a)r S,.0)r S, 2,9)

where: z, y and > are different locations of mv/lv
substation.
Search:

min {S(nm’a), S(p,y,b)7 S(P: z,8) S:} = S*

Search the adjacent nodesstoz andb nodeske, d

If S(s,k,c),min < S* then dOZS(S7k7C)

Else Nothing

If S(s,j, d), min < S* then dO:S(57j7 d)

Else Nothing

where: & and j are different locations of mv/lv
substation.
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TABLE |
RESULTS OFlv NETWORKS FOR5 DIFFERENT AREAS

411584
9799 | 7606 | 146614 592 | 5515] 11702

10565 | 5438 | 422383 290 | 4318 8642
7278 | 3344 177181 179 | 2651 5307
4477 | 5597 3812507 425| 3718 7968

Costll2 lengh (Mpts/lan)
RZ-15
10 7
RZ-9;
81
RZ-5

61 RZ-2.

4

217 \ \

economic limits
0
0 50 - 100 150 200 250 300
Current (A)

Fig. 9. The costs for typical Spanish commerical lines.

TABLE 1l
THE COSTS FORCOMMERCIAL mV/Iv SUBSTATIONS

100 1.820 25.58
160 2.277 __ 1342
250 3.870 7.602
400 4.434 4.203
630 5.070 2.3%4
1000 5.763 1.535

viii) Search:
min {S*, Ss,k,)» Ss, 5, 4> Sep, 2,00 F = 5
ixX)  End when all branches are explored

VI. RESULTS

function of lines and mv/lv substations. The proposed method
does not need to make any simplification of the functions of cost
and restrictions, as in the methods of references [2]-[6].

With the goal of applying the proposed method to large-scale
rural Iv network planning, several improvements were devel-
oped. Although the specific can be any, in this paper the min-
imum Euclidean distance tree was used.

APPENDIX

The line cost curves (Fig. 9) and the substation cost values
(Table Il) were calculated considering: 7 pts/kW-losses, 25-year
planning, 25% overload factor, 1% annual inflation and 5% an-
nual interest. The annual loss load factor employed Wwgs=
0.16 x1f +0.84 %1 f? (proposed by salis [9] by rural networks),
with the load factod f = 0.25.
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